Problem 1. For each of the following logical expressions, state whether or net it is a tautology:
a) ((pvag)Aa{-pr—q))—gq ﬂThutnlnE}r O Not a tautology O Don't know!

b) (p— g) = (—g — —p) I_'T,.".Tautnlngy O Not a tautology 0O Don't know!

c) (ghip—a)) —{pnag) [ Tatology B Not atantology 0 Don't know!

d) (p—og)Alp—r))—(p— (gAr)) & Tautology 0O Not a tautology [} Don't know!



Problem 2. Let Pz, y,z) denote the statement
:|:2'+'g,,-1‘1 =r.;, where =,y,z€Z" .

What is the truth value of each of the following?
a) YeIyI:zPlz.y.2) EH/'i'iue O False O Don't know!
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b) ¥y¥z3zP(z,y,z) T True  FFalke M Don't know!
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c) VevydzP(z,1,2) lﬂ{‘mﬂ O False O Don’t know!

W "‘p-l-{--‘if_

d) ¥Vz3rdyP(z,v,2z) O True (% False O Don't knowl
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Problem 3. For each of the arguments below, indicate whether it is valid or invalid.
a) All cheaters it in the back row. George sits in the back row. Therefore George is a cheater.
O Valid (¥ Invalid 0 Don't know!

b) For all students z, if x studies discrete math, then r is good at logic. Dawn is a student who

studies discrete math, Therefore Dawn is good at logic.
ﬁj‘u’nli.d O Inwvalid O Don't know!

c) If the compilation of a computer program produces error messages, then the program is
not correct or the compiler is faulty. The compilation of this program does not produce error
messages. Therefore this program is correct and the compiler is not faulty.

O Valid & Invalid O Don't knowl

d) All students who do not do their homework and do net study the course material will not
get & good course grade. John gets a good course grade. Therefore John did his homework or

studied the course material. I!B[Va.lirl O Invalid U Don't know!



Problem 4. (a) If the following is valid then give a proof, else give a counterexample:

For all positive = € R, if x is irrational and y is irrational then x + y is irrational.

éﬂ#ﬂ/’ and .JHJ /3

(b) If the following statement is true then give a proof, else give a counterexample:
For all k,m,n € &* , if k|lmn then k|m or kjn.



Problem 5. For each of the following, state whether or not the statement is True or False for
general sets A, B, and C. (0 denotes the empty set.)

a) (AuB)N(CUD) = (AnB)u(CND) 0O True [3 False U Don't know!

b) AU(B—C)=(AUB)—(AUC) OTwe  MFase O Don't know!

¢) (ANB)CC = (A-C)N{B-C)=0 MTrie  DOFalse O Don’t know!

d) (AuB)—(4AnB)=¢ = A=B I.T:.'f/Tma [ False O Don't know!
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Problem 6.

{a) Let f:R— R be given by f(z) = 2* — z . Determine whether or not [ is invertible:
[ Invertible E,H::rl: invertible L Don't know!

1_\!- s Abyg hlae --il'-e-—ﬂh.e_,_

(o) = fle) = f4) =0

(b) Let f : 2 — 22 be given by flm,n) = (m+mn,n). Is f invertible?
[E(Inve:t.ible O Mot invertible O Don't know!

(c) Let§=1{0,1,2,3,4,5,6,7,8,8).1s f: S —» § given by f(k) = (8k+7)mod 10 invertible?

O Invertible EI/Nnt invertihle 0O Dion’t know!
{ oue 7 0 ~- 1
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d) If A and B are sets and f: A — B, then for any subset T of B its pre-image is defined as
as fUT) = {a € A: fla) € T}, which is well-defined even when f does not have an inverse.
Now let f : R — R be defined as f(zr) =), andlet T={z € R: -8 < z < 1} . What is

f7YUT) 7 Enter your answer in the bex below:

-
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Problem 7. Define the predicates L(z). H(z), and A(zx) as follows:
L(z) = z attends all Lectures, H{x)= z does all Homework, A(zx) = x gets an A in the course.

{a) In the space below write down the statement “If Cindy gels an A in the course then she has
attended all lectures or she has done all homework " in logical form, using the predicates above,
and using e to denote “Cindy" ; for example A{c) denotes “Cindy gets an A in the course”.

AG) - (L v He)

(b} Write down the contrapositive of the statcment in () in logical form, using the predicates
defined ahove, as well as an equivalent sentence in English:

T(L{cﬁ v chl} = 1AC) E'(‘TL{cJ A TH)| > 1AC)

.[.‘I{ FFH c;ﬂh .'t-lr'.. q#:,ui {ﬁf':"l j_f?’-ﬂl"{_}. g.;q,.'_'r she J-d' ey :i'ra ﬂ.r”,-"'.
{ fﬁw she  ohes way ﬂ'ei" an A a‘hTLL Lo rse |

31% miwer

(c) In the space below write the statement “There is a student who did not attend all lectures
but who did all hemework, and whd got an A in the course” in logical notation, using quantifiers
and the predicates defined above:

Ix (Tf.{:)a HEx) A Mxl}

(d) If P is a logical statement then its negaiion is the logical statement =P, Write down the
negaiion of the statement in (c) in its simplest logical form, using quantifiers, and the predicates
defined above. In partieular, your negation must he written in a form that does not stard

with =3 :
JF['F '?{T lll-ﬁr} A Hl”‘ij A A‘fr“)); L{E{L(Lﬁ'} ‘u"i'l]?]ﬁ'f-J "-I'T.’Iffr:ll'




Problem 8.
{a) When an integer n is divided by 7, the remainder is 5. What is the remainder when 9n
is divided by 7 7 Enter your answer in the box:

h=k-F+5& X
S'H. = Se-'?i’ Q-

PR T BT
Jh -JL2s f-?#j r(ﬂ&ﬂ.'/}-? 3.

{b} Prove that there are no integer solutions z and y to the equation £ — 5y = 2.
Hint: What are the possible values of 2® mod 5 7

£ md T 7
We  &now fha) (H-E])hnori n = (}i mod hJ-ffg wod w ) wod 4.

X wd = Cuwed €)% wit &) vod &
(e T: x ol oD B A wed B :
Cace L+ X wod =4 = 2 wed | =4
G"‘ i x wed =L = % wed I =5
e T+ % mod =3 o x*med [ - 2-3 wed (= §
bax X+ 5 wod &=y ;}xlﬂmg;#&.ﬁmgr:%

1 v

I{— mean 7@;4}#-— fémn: IS Ao wn{? how 7% e  con Fer-

e remasy dm o 4
Feoasrl 4 geéf |

10



Problem 9. DO ONLY ONE OF THE TWO PROEBLEMS BELOW:
FPut a circle around the one you chouse o do: Chuice (1) v Chwice (2] .

Choice (1) The Fibonacci numbers are defined as fo =0, f =1, and fo = fur + fo—a, for

n = 2. Give a proof by induction to show that 35, fae-1 = fan , foralln = 1. (Hint: This
can be done by regular induction. )

Choice (2) Suppose a;, g, g, . .. is a sequence defined as a; = 1, and a,, = 2- a9, when n = 2,
Prove that a, < n for all integers n > 1 (Hint: This can be done by strong induction. )

(a) (1 point) Check that the base case is True: ;:f
w2, Zhas = brbye bsboh  bebohioha 3=, ) Fiet
e

Fo=3

2. na=l ﬂ-i-' -z'lng- 2"1’41 # -2'% Z,L/

(b) (1 point) Write down wery precisely your inductive hypothesis, and what you will show

in the inductive stﬂph{c} below, g_mf
1 O L by -hon  TO SHW: 28 - S
I

2. Pagm a,<nw 1o SjoW: Gpyy < My

{c) (2 peints) Carry out the actual proof of the inductive step:
4.7 iE £ X3 W
' - + = - + =

ool e~ E’I{li—f -un-fq‘:l-,f ‘éh "P[-*‘,_‘? é" -'f?“#f é“*& /

R o] Sa e s o 14

Coge T+ 1%
FZ&—MHq—Eum ] '.-Zﬂml..,ngﬁ . h+f[,/

l‘l'
Lose [[: not - oy

h+-1"ﬂz 'a}—i‘.ﬂj ,2&“ 5 25— =h‘:h+4/
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Problem 10.

(a) Det?aim whether the relation R on £+, where xRy if and only if =!(z +y), is reflezive:
Boflroxive O Hot reflexive [0 Don’t know!
X fry) = x/[ox L//

(b) Is the relation R on £+, where xRy if and only if z|(x 1| y), symmetric ¥
O Symmetric E"{I“Ent symmetric O Don't know!

?!'IH'HC';:: -'?'rf? ?‘Ifﬂg}

Mo - (2,4) E.}J!*{ .{1.;, g/}/ﬁfé,"
(Rd)et bt (52)g0.

(¢} Determine whether the relation R on Z*, where xRy if and only if z|y, is antisymmetric
O Antisymmetric [J Not antisymmetric [ Don’t know!

ef FIE ‘f‘fra}'fEarfa -?@,ﬂfﬁ IF x}'; phin :-;3. it x-fE;t

Fn Xeq. Tbn howevr 4 fx fpeause
& Ef’ﬂﬁfr huwber camnol diugoh 8 Swna flor
ope .

(d) Is the relation R on the set {a,b,c} represented by the matrix (

=S
e
(S o I

) transifive ?
O Transitive Ei/Nﬂt transitive O Don't know!

Louppererapm ple -
Ut la1)ce bup (11)ge
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Problem 11.

(a) The relation R on R, defined as xRy f and only if |z | —|y| = 0 i=
W/ﬁn equivalence relation [ Not an equivalence relation O Don't know!

é}ﬂmhfmu — rtﬁf‘ﬂ'u{ A {;l»mmffn‘-: A Tra#.w}.l-rt_
rE‘Fffr.r'UL Il =l =
g{ju‘u—e\!-ﬂ'ﬂ.— rf?tn’—llr?l'a i) Ir’a}'hl[“‘-g /

prawsifive E Ii=lgl n lgl=lof = Iyl laf V7
(b) The relation R on Z, where 2Ry if and only if z = y (mod 13) is:
B]/ﬂn equivalence relation 00 Not an equivalence relation 0O Don't know!

ﬂﬁfﬁh’{, r R=y {fw..i" ff_f}/ F:'ﬁ (I:Mnd: ff_t_)é"‘:;r Mﬁd;qug e <
‘r{j“”“f“"“-' X wi'firg weed 43 -,aﬁrmw’ =K med f3

ki b SPOLST & med 13 = 2 wod T35 =D x mod 7 = 7 e 7%

(c) The relation R on R, where xRy if and only if z < 3° is:

O A partial order E]/f"ut a partial order O Don't know!

(fldue . %o st/

ngr - ¢ mim . 7

6 J b .'i'i-'_i,:-a-‘ A ':I'H“E =) -'3‘&'}. ,{Jfﬁ.aﬁjef_ hf%s ﬂ{g,,.?._]ﬁ'ﬂ_,

TNMJF‘:U{ :

(d) Theyiﬂn R on Z*, where xRy if and only if £ly is:
A partial order [— Not a partial order O Don't know!

I'?‘[Wuc. v Rl / /
Wi-sgegree x4 A x4q4 =Daky
:} 9 ﬁyﬁ_ Cimn F x]'? e x;?

pramipes i Siwe X#4 dan xeh, ﬁ?n-m:-{s(
r F'Hff'a o ad g’rg' ?"‘M ‘K}‘g_‘/ ﬂﬁ-wr'—g;fwf'd_ " _;if;m-



Problem 12,

Let & be the relation on R defined by xRy if and only if 2y = 1. Thus R can also be represented -
as {{x,y) : zy = 1} . Use a similar representation for each of your answers to the questions
below, and write your answer in the accompanying box.

(a) What is the composite relation /2 7 {(7IE}E‘EL{JK‘EJ3FE’?.
DeF
Rt = {1 R g GgetaGattle —————
L gt agaeglfe T ghe S L rm Jer
| = X o
fodelfy bannll  BF O dat hodofi
= f(rg2)el’ | =2 anso3,
(b)  What i the composite relation R° 7 B’ z{{.ﬁ}}h&@*;,«;:g
L 2 L 57kl -
R L =
" £612)e@” [Ty (rgavoln 4211
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B vy o
{c) Whuflgﬁ..l:)mil?wi ;ilitii'irﬂ" E.-:-" gl

1. Buyr?
(d) What is the transitive closure of £ 7
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